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In this paper, we study the weak gravitational deflection of relativistic massive particles for a receiver and
source at finite distance from the lens in stationary, axisymmetric and asymptotically flat spacetimes. For this
purpose, we extend the generalized optical metric method to the generalized Jacobi metric method by using the
Jacobi-Maupertuis Randers-Finsler metric. More specifically, we apply the Gauss-Bonnet theorem to the gen-
eralized Jacobi metric space and then obtain an expression for calculating the deflection angle, which is related
to Gaussian curvature of generalized optical metric and geodesic curvature of particles orbit. In particular, the
finite-distance correction to the deflection angle of signal with general velocity in the the Kerr black hole and
Teo wormhole spacetimes are considered. Our results cover the previous work of the deflection angle of light,
as well as the deflection angle of massive particles in the limit for the receive and source at infinite distance
from the lens object. In Kerr black hole spacetime, we compared the effects due to the black hole spin, the
finite-distance of source or receiver, and the relativistic velocity in microlensings and lensing by galaxies. It
is found in these cases, the effect of BH spin is usually a few orders larger than that of the finite-distance and
relativistic velocity, while the relative size of the latter two could vary according to the particle velocity, source
or observer distance and other lensing parameters.
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I. INTRODUCTION
100 years ago, Eddington et. al [1, 2] firstly verified the general relativity through the deflection of light in the solar gravita-
tional field. Nowadays gravitational lensing (GL) becomes a powerful tool in astrophysics and cosmology. For examples, it is
used to measure the mass of galaxies and clusters [3–5] and to to detect dark matter and dark energy [6–11].
One of the main quantities in the study of GL is the deflection angle. Various approaches relying on the geodesics were built
to calculate it. In 2008, Gibbons and Werner [12] proposed a geometrical and topological method of studying the gravitational
deflection of light in a static and spherically symmetric spacetime using the Gauss-Bonnet (GB) theorem. Later, Werner [13]
extended this method to the rotating and stationary spacetimes by using the Randers-Finsler geometry. In Gibbons-Werner
method, the deflection angle can be obtained by integrating the Gaussian curvature of corresponding optical metric in an infinite
region enclosed by the geodesics and an infinitely large boundary. This method is fundamentally different from the standard
geodesics approach. The importance of Gibbons-Werner method is that it shows the deflection angle can be viewed as a global
topological effect. In addition, by this approach we only work with spatial geodesic in the two-dimensional positive definite
Riemannian space, instead of the null or timelike geodesic in background spacetime, and thus the physical lens models can be
implemented easily [13]. By using the Gibbons-Werner method, many authors studied the gravitational deflection angle of light
not only for black holes (BHs), but for other lens object such as wormholes, and for both asymptotically flat spacetimes and
non-flat spacetimes such as a spacetime with cosmic string [14–20] .
On the other hand, massive particles such as neutrinos [21, 22] and potentially gravitational waves (GW) [23–25] in some
modified gravitational theories can also be messengers in GLs. Correspondingly, people also studied the gravitational deflections
of massive particles due to its importance such as studying the properties of massive neutrinos, gravitational wave and cosmic
rays. In fact, the gravitational deflection of the massive particles has been studied in different spacetime with great interest
[26–34]. A question naturally came: Can one apply the GB theorem to study the deflection of massive particles? The answer
was first given by Crisnejo and Gallo [35] which studied not only the deflection of light moving in plasma medium but also the
deflection of massive particles in static and spherically symmetric spacetimes. In addition, Ref. [36] studied the deflection of
massive particles in static wormhole spacetimes according to Jacobi metric and GB theorem. Recently, Jusufi [37] studied the
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2deflection of massive particles in stationary and axisymmetric spacetime using GB theorem. Moreover, the deflection angles
of massive particles were used to distinguish rotating naked singularities from Kerr-like wormholes in Ref. [38]. In addition,
Refs. [39, 40] studied the deflection of massive charged particles by charged BH using the GB theorem. Very recently, Crisnejo
et al extended their study in Ref. [35] to the stationary spacetimes [41].
Typically, in most calculations involving the GB theorem, the weak-field limit is considered for the receiver and source at
infinite distance from a lens object. However, in reality they are always located at a finite distance. The work of Gibbons and
Werner allows some authors to take account the finite distance of the receiver and source into the gravitational deflection of
light. By using the GB theorem, Ishihara et al studied the finite-distance deflection of light in static and spherically symmetric
spacetime both in weak [42] and strong [43] field limits. Along the same line, Ono et al [44, 45] proposed the generalized optical
metric method and used it to study the finite-distance deflection angle of light in stationary, axisymmetric and asymptotically flat
spacetime. Their method was extended to stationary and non-asymptotically flat spacetime such as a rotating global monopole
quite recently [46]. Furthermore, these authors considered the finite-distance correlation of the deflection angle of light and de-
scribed its possible astronomical application due to the deflection of light in the solar gravitational field and Sgr A∗ gravitational
field. In addition, a review on finite-distance deflection of light was given by Ono and Asada in Ref. [47]. It is worthwhile to
mention that another work for finite-distance deflection of light in static and spherically symmetric spacetime was established
by Arakida [48]. However, the results are different from Ref. [42] and Ref. [48]. Recently, Crisnejo and Gallo [49] clarified this
difference and further studied the finite-distance deflection of light in spherically symmetric gravitational field with a plasma
medium.
This paper will study the finite-distance gravitational deflection of massive particles in the stationary, axisymmetric and
asymptotically flat spacetime. In particular, we consider the Kerr BH spacetime and Teo wormhole spacetime in details. In the
previous works, the infinite-distance deflection of light [13, 15] and massive particles [37, 41], and finite-distance deflection
of light [44, 45] in these two spacetime were studied in the weak field limits using the GB theorem. In this paper, we shall
extend the study to the finite-distance gravitational deflection of the relativistic massive particles in the weak field limits and
compare the effects of spacetime spin, finite distance and subluminal velocity in the microlensing and supermassive BH lensing
cases. To this end, we mainly consider the generalized optical metric method [44, 45]. In order to use the GB theorem, the
study of light deflection is carried out in the optical metric space [12], whereas study of particle deflection is done in the Jacobi
(Jacobi-Maupertuis) metric space [50]. Both the corresponding optical and Jacobi metrics of stationary spacetimes are indeed
Randers-Finsler metrics. Therefore, this paper will use Jacobi-Maupertuis Randers-Finsler (JMRF) metric [51] rather than
optical Randers-Finsler (ORF) metric and we need to extend the generalized optical metric method to the generalized Jacobi
metric method first.
This paper is organized as follows. In Section II , we review the JMRF metric and derive the orbit equation of massive
particles in stationary and axisymmetric spacetimes, and then extend the generalized optical metric method to the generalized
Jacobi metric method using the JMRE metric. In section III, we study the deflection angle of massive particles in Kerr BH
spacetime for a receiver and source at finite distance using the generalized Jacobi metric method. With the same process,
Section IV computes the finite-distance deflection angle of massive particles in rotating Teo wormhole spacetime. Finally, we
comment on our results in Section V. Throughout this paper, we take the unit of G = c = 1 and the spacetime signature
(+,−,−,−).
II. JMRF METRIC AND THE GENERALIZED JACOBI METRIC METHOD
A. JMRF metric
In this subsection we review the JMRF metric derived by Chanda et al in Ref. [51]. We begin by the line element for an
arbitrary stationary spacetime
ds2 = gtt(x)dt
2 + 2gti(x)dtdx
i + gij(x)dx
idxj , (1)
where x is the spatial coordinates. Then, the corresponding relativistic Lagrangian for a free particle reads
L = −m√gµν x˙µx˙ν = −m√gttt˙2 + 2gtit˙x˙i + gij x˙ix˙j , (2)
where m is the particle mass and the dot denotes the differentiation with respect to an arbitrary parameter. Then, one can write
the canonical momentum as
pt =
∂L
∂t˙
= −mgttt˙+ gtix˙
i√
gαβ x˙αx˙β
= −E , (3)
pi =
∂L
∂x˙i
= −mgtit˙+ gij x˙
j√
gαβ x˙αx˙β
, (4)
3where E = pi − L is the relativistic energy of the particle. Now, the Jacobi Lagrangian reads
LJ = pix˙
i = −mgtit˙x˙
i + gij x˙
ij˙j√
gαβ x˙αx˙β
= pt
gti
gtt
x˙i +m
√
γij x˙ix˙j
gαβ x˙αx˙β
√
γij x˙ix˙j , (5)
where Eq. (3) was used and the spatial metric γij is defined as
γij := −gij + gtigtj
gtt
. (6)
Taking square of Eq. (3) and using Eqs (6) and (1), we have
p2t = m
2gtt
(
1 +
γij x˙
ix˙j
gαβ x˙αx˙β
)
, (7)
from which we can solve
γij x˙
ix˙j
gαβ x˙αx˙β
=
p2t −m2gtt
m2gtt
. (8)
Substituting this into Eq. (5), one has
LJ = F (x, x˙) = pt
gti
gtt
x˙i +
√
p2t −m2gtt
gtt
γij x˙ix˙j , (9)
and the Jacobi-Maupertuis metric can be written as [51]
dsJ = pidx
i =
√
E2 −m2gtt
gtt
γijdxidxj − E gti
gtt
dxi ≡
√
αijdxidxj + βidx
i , (10)
where we have used pt = −E . Eq. (10) implies that the Jacobi-Maupertuis metric dsJ is a Finsler-Randers metric, which
satisfies the positivity and convexity [52] √
αijβiβj < 1 , (11)
with αij being a Riemannian metric and βi being a one-form. Importantly, the trajectories of neutral particle moving in a
stationary metric are seen as the geodesics of the corresponding Finsler-Randers metric space.
For m = 0 and E = 1, Eq. (10) reduces to the ORF metric [13]
dsO =
√(
−gij
gtt
+
gtigtj
g2tt
)
dxidxj − gti
gtt
dxi . (12)
For gti = 0, Eq. (10) reduces to the Jacobi metric for static spacetime [50]
ds2J =
m2gtt − E2
gtt
gijdx
idxj . (13)
B. Motion of massive particle on the equatorial plane
This paper will focus on the stationary, axisymmetric and asymptotically flat spacetimes (which certainly include the static
and spherically symmetric spacetimes), and their line element in the polar coordinates (t, r, θ, ϕ) can be written as [44]
ds2 = gtt (r, θ) dt
2 + 2gtϕ (r, θ) dtdϕ+ grr (r, θ) dr
2 + gθθ (r, θ) dθ
2 + gϕϕ (r, θ) dϕ
2 . (14)
For simply, we only study the motion of particle on the equatorial plane (θ = pi/2). Choose the appropriate parameter such that
1 = gµν x˙
µx˙ν = gttt˙
2 + 2gtϕt˙ϕ˙+ grr r˙
2 + gϕϕϕ˙
2 . (15)
4Then one can obtain two conserved quantities from Eqs. (3) and (4)
m
(
gttt˙+ gtϕϕ˙
)
= E , −m (gtϕt˙+ gϕϕϕ˙) = J , (16)
where J is the conserved angular momentum of the particle. They can be measured at infinity for an asymptotic observer by
E = m√
1− v2 , L =
mvb√
1− v2 , (17)
where v is the particle velocity at infinity and b is the impact parameter defined by
bv ≡ JE . (18)
Introducing the inverse radial coordinate u = 1/r, the orbit equation of massive particles can be obtained from Eqs. (15)- (17)
as the following(
du
dϕ
)2
=
u4
(
g2tϕ − gttgϕϕ
) [
gttb
2v2 + 2gtϕbv + g
2
tϕ
(
1− v2)+ gϕϕ (1− gtt + gttv2)]
grr (gtϕ + gttbv)
2 . (19)
C. The GB theorem
Suppose that D is a subset of a compact, oriented surface, with Gaussian curvature K and Euler characteristic χ(D). Its
boundary ∂D is a piecewise smooth curve with geodesic curvature kg . In the i-th vertex of ∂D, the jump angle is denoted as φi
in the positive sense. Then, the GB theorem states that [12, 53]:∫∫
D
KdS +
∮
∂D
kg dσ +
∑
i=1
φi = 2piχ(D) , (20)
where dS is the area element of D and dσ is the line element along ∂D.
For infinite-distance case, one could apply the Werner’s Finsler geometry method and the deflection angle can be computed
by [13]
αˆ = −
∫∫
D∞
KdS , (21)
where D∞ denotes the infinite Jacobi region out of the particle trajectory.
However, the Finsler geometry is difficult to use for the calculation of the deflection angle for the receiver and source at finite
distance from the lens. The reason is that the definition of jump angles at the vertices in the GB theorem are problematic in the
Finsler geometry, and thus Ono et al proposed the generalized optical metric method to avoid the Finsler geometry [44, 45].
The JMRF metric is quite parallel to the ORF metric, which allows us to apply the formulas in [44, 45].
D. The generalized Jacobi metric method
We call the positive Riemannian metric αij as generalized Jacobi metric and suppose that the particles live in the Remannian
space M¯ described by the generalized Jacobi metric
dl2 = αijdx
idxj . (22)
Thus, the motion equation of particles can be written as [44]
dei
dl
+ Γ¯ijke
iej = αij
(
βk|j − βj|k
)
ek, (23)
where ei ≡ dxi/dl is the unit tangential vector along particle ray, the barred quantities means that they are related to the
generalized Jacobi metric, and | denotes the covariant derivative using αij .
It is obvious from Eq. (23) that the particle ray now is not the geodesic in M¯ , due to the existence of βi. Hence, the geodesic
curvature of particle orbit will not vanish in M¯ and it can be calculated by [44]
kg = −εijkNiβj|k , (24)
5where εijk is the Levi-Civita tensor defined by εijk ≡ √detαεijk with εijk being Levi-Civita symbol, Ni is the unit normal
vector. For metric (14), Eq. (24) becomes [44]
kg = − βϕ,r√
detα αθθ
, (25)
where the comma denotes the partial derivative.
Now, we use the GB theorem to study the finite-distance deflection angle in the equatorial plane (θ = pi/2). First, we apply
the definition of deflection angle [44]
αˆ ≡ ΨR −ΨS + ϕRS , (26)
where ΨR and ΨS are angles between the particle ray’s tangent and the radial direction from the lens to the receiver and source,
respectively. The coordinate angle ϕRS ≡ ϕR − ϕS , where ϕR and ϕS are the angular coordinates of the receiver and source.
L ∞S
∞
R
Cr0 (r0 → ∞)
φR
φS
FIG. 1: The quadrilateral ∞R2
∞
S ⊂ (M¯, αij). R, L and S denote the receiver, the lens and the source, respectively. ΨR and ΨS are angles
between the particle ray tangent and the radial direction from the lens in R and S, respectively. The curve Cr0 is defined by r(ϕ) = r0 =
constant. Note that each outer angle at the intersection of the radial direction curves and Cr0 is pi/2, as r0 → ∞. Note that the jump angle
φS = pi −ΨS and φR = ΨR.
Following [44], we consider the quadrilateral ∞R2
∞
S ⊂ (M¯, αij) as shown in Fig. 1. It is bounded by four curves: the particle
trajectory from source (S) to receiver (R), two spatial geodesics of outgoing radial lines passing through R and S respectively,
and a circular arc segment Cr0(r0 → ∞), where Cr0 is defined by r(ϕ) = r0 =constant. For curve Cr0 , we have kgdl → dϕ
when r0 →∞, because M¯ is asymptotically flat space. Thus, we have lim
r0→∞
∫
Cr0
kgdl = ϕRS . In addition, by the construction
of ∞R2
∞
S one can see that its Euler characteristic is unit. Notice that the sum of two jump angles at infinite is pi. In addition, we
have φS = pi −ΨS and φR = ΨR. Finally, we use GB theorem to the quadrilateral and obtain∫∫
∞
R
2∞
S
KdS −
∫ R
S
kgdl + ϕRS + ΨR −ΨS = 0 . (27)
By this expression, Eq. (26) can be rewritten as
αˆ = −
∫∫
∞
R 2
∞
S
KdS +
∫ R
S
kgdl . (28)
This expression clearly shows that the deflection angle αˆ is coordinate-invariant. One can calculate the Gaussian curvature of
generalized Jacobi metric induced in the equatorial plane by [13]
K =
R¯rϕrϕ
detα
=
1√
detα
[
∂
∂ϕ
(√
detα
αrr
Γ¯ϕrr
)
− ∂
∂r
(√
detα
αrr
Γ¯ϕrϕ
)]
. (29)
6III. KERR BH DEFLECTION ANGLE
A. Kerr-JMRF metric
The Kerr BH is a stationary, axisymmetric and asymptotically flat solution for Einstein field equation. The line element of
Kerr BH with mass M and angular momentum per unit mass a reads [54]
ds2 =
(
1− 2Mr
Σ
)
dt2 +
4Mar sin2 θ
Σ
dϕdt− Σ
∆
dr2 − Σdθ2 −
(
r2 + a2 +
2Ma2r sin2 θ
Σ
)
sin2 θdϕ2 , (30)
where
Σ = r2 + a2 cos2 θ . (31)
Now, the spatial metric defined by Eq.(6) can be written as
γKijdx
idxj = Σ
(
dr2
∆
+ dθ2 +
∆ sin2 θ
∆− a2 sin2 θdϕ
2
)
. (32)
According to (10), we find the following Kerr-JMRF metric
αKijdx
idxj =
( E2Σ
∆− a2 sin2 θ −m
2
)
Σ
(
dr2
∆
+ dθ2 +
∆ sin2 θ
∆− a2 sin2 θdϕ
2
)
,
βKi dx
i = −2EMar sin
2 θ
∆− a2 sin2 θ dϕ , (33)
which is firstly given in Ref. [51]. For m = 0 and E = 1, the Kerr-JMRF metric reduces to the Kerr-ORF metric [13].
B. Gaussian curvature
Considering Eq. (33), we can find the generalized Kerr Jacobi metric in the equatorial plane (θ = pi/2) as following
dl2 = αKijdx
idxj =
[
r2
(r2 − 2Mr) (1− v2) − 1
]
m2r2
(
dr2
∆
+
∆dϕ2
r2 − 2Mr
)
, (34)
where we have used Eq. (17). We will compute the deflection angle up to the second order. By Eq. (29), we can obtain the
corresponding Gaussian curvature up to second order given by
KK = −
(
1− v4)M
m2r3v4
+
3
(
2− 3v2 + v4)M2
m2r4v6
+O(M3,M2a, a2M,a3) , (35)
where the terms containing a are more than second order in KK. Considering Eq. (30) and Eq. (19), one can obtain the solution
of orbit equation by perturbation method as
u(ϕ) =
sinϕ
b
+
1 + v2 cos2 ϕ
b2v2
M − 2aM
b3v
+O(M2, a2) . (36)
In addition, we can obtain the iterative solution for ϕ in the above equation as
ϕ =
{
ϕ1 −Mϕ2 + aMϕ3 +O(M2, a2) , if |ϕ| < pi2 ;
pi − ϕ1 +Mϕ2 − aMϕ3 +O(M2, a2) , if |ϕ| > pi2 ,
where
ϕ1 = arcsin (bu) ,
ϕ2 =
1 + v2 − b2u2v2
b2
√
1− b2u2v2 ,
ϕ3 =
2
b2
√
1− b2u2v .
7By the lensing setup, substituting uS = 1/rS and uR = 1/rR for u respectively into Eq. (37), one obtains
ϕS = arcsin (buS)− 1 + v
2 − b2u2Sv2
b2
√
1− b2u2Sv2
M +
2aM
b2
√
1− b2u2Sv
+O(M2, a2) ,
ϕR = pi − arcsin (buR) + 1 + v
2 − b2u2Rv2
b2
√
1− b2u2Rv2
M − 2aM
b2
√
1− b2u2Rv
+O(M2, a2) . (37)
The advantage of Eq. (37) is that we can express the finite-distance deflection angle using uS and uR as we will see in a moment.
Now, the surface integral of the Gaussian curvature can be carried out as
−
∫∫
∞
R 2
∞
S
KKdS = −
∫ ϕR
ϕS
∫ ∞
r(ϕ)
KK
√
detαK drdϕ
=
∫ ϕR
ϕS
∫ 0
u(ϕ)
u−2KK
√
detαK dudϕ
=
∫ ϕR
ϕS
∫ u(ϕ)
0
[
(1 + v2)M
v2
+
(6v2 + v4 − 4)M2u
v4
+O(M3,M2a, a2M,a3)
]
dudϕ
=
(
1 + v2
) (√
1− b2u2R +
√
1− b2u2S
)
bv2
M
+
3
(
4 + v2
)
[pi − arcsin(buR)− arcsin(buS)]
4b2v2
M2
+
uS
[
3v2
(
4 + v2
)
+ b2
(
4− 8v2 − 3v4)u2S]
4bv4
√
1− b2u2S
M2
+
uR
[
3v2
(
4 + v2
)
+ b2
(
4− 8v2 − 3v4)u2R]
4bv4
√
1− b2u2R
M2
+O(M3,M2a, a2M,a3) , (38)
where we have used Eqs. (36) and (37).
C. Geodesic curvature
Now we calculate the geodesic curvature of particle ray. Substituting Eq. (33) into Eq. (25), the geodesic curvature of particle
ray is
kKg = −
2
√
1− v2
mv2
aM
r3
+O(M3,M2a, a2M,a3) , (39)
where we have used Eq. (17). We can obtain the transformation from Eq. (34) as following
dl =
mbv√
1− v2 csc
2 ϕ dϕ+O (M,a) . (40)
Then, one can get the part of deflection angle related to the path integral of geodesics using Eqs. (39) and (40), as∫ R
S
kKg dl = −
2aM
b2v
∫ ϕR
ϕS
sinϕ dϕ+O(M3,M2a, a2M,a3)
= −
2aM
(√
1− b2u2R +
√
1− b2u2S
)
b2v
+O(M3,M2a, a2M,a3) , (41)
where we have also used Eqs. (36), and (37). It should be noted that we have assumed that the particle orbit is prograde relative
to the rotation of the Kerr BH and thus the sign of the right-hand side of Eq. (41) changed if the particle ray is a retrograde orbit.
8D. Deflection angle
By combining Eqs. (38) and (41), the finite-distance deflection angle of massive particles in Kerr spacetime can be written as
αˆK =
(
1 + v2
) (√
1− b2u2R +
√
1− b2u2S
)
bv2
M +
3
(
4 + v2
)
[pi − arcsin(buR)− arcsin(buS)]
4b2v2
M2
+
uS
[
3v2
(
4 + v2
)
+ b2
(
4− 8v2 − 3v4)u2S]
4bv4
√
1− b2u2S
M2 +
uR
[
3v2
(
4 + v2
)
+ b2
(
4− 8v2 − 3v4)u2R]
4bv4
√
1− b2u2R
M2
±
2aM
(√
1− b2u2R +
√
1− b2u2S
)
b2v
+O (M3,M2a, a2M,a3) , (42)
where the positive and negative signs are for a retrograde and prograde particle rays, respectively. As expected, the transform
from retrograde motion to prograde motion or vice versa is also equivalent to the sign change of the angular momentum a. It
is also noticeable that if we exchange uR and uS , the result is unchanged. This indeed is the consequence that the trajectory’s
radial coordinate is symmetric about the closest point. Note that for lightrays v = 1, Eq. (42) leads to the result obtained by
Ono et al using the generalized optical metric method [44]. In addition, in the limit uS → 0 and uR → 0 (i.e., rS → ∞ and
rR →∞ ), Eq. (42) reduces to the infinite-distance deflection angle of massive particles
αˆK,∞ =
2
(
1 + v2
)
M
bv2
+
3pi
(
4 + v2
)
M2
4b2v2
± 4aM
b2v
+O(M3,M2a, a2M,a3) , (43)
which is consistent with the result reported in Refs. [32, 41].
αK,-,v=1 αK,-,v=0.9 αK,-,v=0.8αK,+,v=1 αK,+,v=0.9 αK,+,v=0.8
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FIG. 2: The finite-distance deflection angles of massless and massive particles in Kerr BH spacetime. (a) The deflection angle itself, Eq. (42)
as a function of rS for three velocities and the retrograde motion (αˆK,+) and prograde motion (αˆK,−); (b) The finite-distance correction, Eq.
(45), as a function of rS for a retrograde and prograde massive particle.
In Fig. 2 (a), we show the deflection angle for a finite source distance. Here and henceforth we have set M = 1 and measure
other quantities with length dimension by M . Other parameter we choose are b = 102M, rR = 104M and for a we scan it from
0 to M . It is seen that the deflection angle monotonically increases as rS increases from slightly larger than b to 10rR for all
three velocities considered, v/c = 1, 0.9 and 0.8. As a changes from prograde motion (dashed line) to retrograde motion (solid
line) for any fixed velocity, the deflection angle increases slightly. When the velocity decreases while holding other parameters,
the deflection angle also increases. This is in agreement with what is found in Ref. [33, 34] and is expected because slower rays
with same impact parameter tends to pass by the gravitational center more closely and therefore experience stronger bending to
its trajectory, regardless whether the spacetime is rotating or not.
Comparing to deflection of lightrays in the Schwarzschild spacetime, from Eq. (42) it is seen that there exist a few kinds of
corrections for an ultra-relativistic ray originating from finite distance in a Kerr spacetime. The first is due to the presence of
angular momentum of the Kerr spacetime (especially when a is not large), while the second is due to the finite-distance effect
and the third is due to the subluminal speed. Formula (42) allows us to compare these three effects at once. Among these,
the effect of a nonzero a is most apparent, which is described by the second last term in this equation. For the finite-distance
9correction, expanding (42) at uS = uR = 0, we find
αˆK = αˆK,∞ + δαˆK,r , (44)
where αˆK,∞ is given in Eq. (43) and δαˆK,r is
δαˆK,r ≈
(
1 + v2
)
2v2
(
Mb
r2R
+
Mb
r2S
)
+
(−2 + 2v2 + v4)
2v4
(
M2b
r3R
+
M2b
r3S
)
± 1
v
(
aM
r2R
+
aM
r2S
)
. (45)
Equation (45) can be thought as the finite-distance correction for general velocity v and angular momentum a. It is clear in
this equation that for a ≤ M  b and velocity that is not too small, the first term will dominate the third one which involves
angular momentum. Therefore this finite-distance effect is hardly affected by the spacetime rotation. This is verified in Fig. 2
(b), in which we plot ∆αˆK,r for a = M, b = 102M, rR = 104M and v = 0.9c, it is seen that this quantity changes about
two orders when rS goes from 103M to 105M while the two curves for retrograde and prograde motions (or equivalently ±a)
almost overlap. Moreover, one can also see from Eq. (45) that for the above parameters, the finite-distance effect decreases
monotonically as rS increases, which is again expected.
Further expanding Eq. (44) around v/c = 1 and a = 0, to the first nontrivial orders of uR or uS , 1− v and a, and to the first
order of M , we obtain
αˆK = αˆS,∞,c + ∆αˆa + ∆αˆv + ∆αˆr , (46)
where
αˆS,∞,c =
4M
b
, (47)
∆αˆa =
4M
b2
a, (48)
∆αˆv =
4M
b
(1− v), (49)
∆αˆr = Mb
(
1
r2R
+
1
r2S
)
, (50)
We wish to compare the sizes of these three corrections, and if possible in which part of the relevant parameter space spanned
by (b, v, rS , rR, a) any of them will dominate others. To do this, we approximate the impact parameter b by the geometric
relation b ≈ θrR in GL, where θ is the apparent angle of the GL images, and then study three ratios
∆αˆa
∆αˆr
=
a/M
θ3rR/M
4
(
1 +
r2R
r2S
) , (51)
∆αˆv
∆αˆr
=
1− v
θ2
4
(
1 +
r2R
r2S
) , (52)
∆αˆa
∆αˆv
=
a/M
(1− v)θrR/M . (53)
Clearly, if the angular momentum a (or the velocity difference (1− v)) is larger than the denominator of Eq. (51) (or Eq. (52)),
then the correction of spacetime rotation (or velocity) will be larger than that of finite-distance. Otherwise, the opposite happens.
If Eq. (53) is larger than one, the effect of nonzero a dominates the effect of velocity.
The typical values of these parameters for the GL by galaxies or galaxy clusters, and for the microlensings in the star-planet
systems, can be obtained respectively from two large data sets [55, 56]. The apparent angle usually ranges between θg,l = 0.34
[as] to θg,u = 22.5 [as] for GL by extragalactic objects, and from 0.09 [mas] to 1.45 [mas] for microlensings. The lens distance
rR can vary from redshift z = 0.04 to z = 1.01 for the former case and from 380 [pc] to 8800 [pc] for the latter case. While
the rR/rS ratio in both cases range from 0.1 to 10. Using these data, therefore we can attempt to study the ratios in Eqs. (51) to
(53). However for the numerator a in Eq. (51), since we usually do not know its absolute value but its ratio with respect to the
lens mass, i.e., a/M , the mass M of the lens should also be known. Although the lens mass in the microlensing cases are easily
obtained (e.g., in [56] about 36 lensings have M estimated), the masses of the galaxy and galaxy clusters lenses are usually not
provided by data (e.g. [55]). Therefore we will not study GLs of galaxy and galaxy cluster, but that of some supermassive BHs
in centers of galaxies. We use the BH data, including their masses and distances provided in Ref. [57, 58], and further assume
that the GL they might cause will also yield apparent angles θ that is in the range of (θg,l, θg,u) and rR/rS ratio between 0.1 to
10. These assumptions are expected to be reasonable for GLs by BHs.
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(a) (b) (c)
(d) (e) (f)
FIG. 3: Coefficients of (a) a/M in Eq. (51), (b) (1 − v) in Eq. (52) and (c) a/[M(1 − v)] in Eq. (53), for the microlensing case. The same
coefficients for the BH lensing are in (d)-(f). rR/rS = 1 was used. Data are from Ref. [56].
In Fig. 3 (a), (b) and (c) respectively, we plot the coefficient of a/M in Eq. (51), the coefficient of (1 − v) in Eq. (52) and
that of a/[M(1− v)] in Eq. (53) for the microlensing case. The corresponding plots for the BH lensing case are plotted in Fig.
3 (d)-(f). It is seen from Fig. 3 (a), (d) that the typical value of the coefficient of a/M in Eq. (51) is in the range of 107.5 to
109.5 for the microlensing, and 107 to 1016 for supermassive BH lensing, which is slightly wider due to the larger variation of
θ. Since a/M in typical Kerr BHs are much larger than 10−7 (e.g. all Kerr BH in detected GW events), then this suggests that
practically for all Kerr BHs the effect of BH spin to the deflection angle is much larger than that of a finite distance of the source
or receiver.
From Fig. 3 (b), (e), one then see that the coefficient of (1− v/c) in Eq. (52) is in the range of 1016 to 1018.5 for microlensing
and 1014 to 1018 for supermassive BH lensings. This implies that when (1 − v/c) > 10−14 then the effect of velocity will
most likely be larger than that of finite distance in both kinds of GLs. If 10−18.5 < (1 − v/c) < 10−16 in the microlensing
case or 10−18 < (1 − v/c)10−14 in the supermassive BH lensing case, then there is still chance that effect of velocity is
larger than finite radius. Otherwise, the effect of finite source or receiver radius will be larger. For lensed supernova neutrinos,
using their typical energy of the order of O(10) [MeV], one can work out that the above velocity ranges require the lensed
neutrino mass-eigenstate to have a mass mi larger than 1.4 [eV] to guarantee a larger effect than the finite distance. Otherwise,
if 0.008 [eV] < mi < 1.4 [eV], then the relative size of the velocity effect and finite radius will depend on the specific lens
parameters. If mi < 0.008 [eV], then typical finite size effect will be larger than the effect of velocity. Note that all these above
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mass ranges are still allowed by current neutrino mass constraints, i.e., ∆m221 = 7.53× 10−5 [eV2] and |∆m223| ≈ 2.5× 10−3
[eV2] [60]. For GWs, their previously measured velocity is constrained to (1−3×10−15)c < v < (1+10−16)c [25]. Therefore
for both microlensings and GL by galaxies, depending on the exact GW velocity and the lens parameters, the effect of velocity
to the deflection angle might be larger or smaller than that of the finite distance of the source or receiver.
IV. TEO WORMHOLES
The Teo wormhole metric describes a stationary, axisymmetric and asymptotically flat rotating wormhole spacetime given
by [59]
ds2 = N2dt2 − dr
2
(1− b0r )
− r2H2 [dθ2 + sin2 θ(dϕ− wdt2)] , (54)
where
N = H = 1 +
λ(4a0 cos θ)
2
r
, (55)
ω =
2a0
r3
. (56)
Here a0 is the total angular momentum of the wormhole, b0 represents the shape function with the condition r ≥ b0 and λ is a
constant. Using Eq. (6) and (10) for the metric (54), one can deduce respectively
γTijdx
idxj =
dr2
1− b0r
+H2r2dθ2 +
(
H2r2 sin2 θ +
H4r4ω2 sin4 θ
N2 −H2r2ω2 sin2 θ
)
dϕ2, (57)
and the Teo JMRF metric
αTijdx
idxj =
( E2
N2 −H2r2ω2 sin2 θ −m
2
)
×
[
dr2
1− b0r
+H2r2dθ2 +
(
H2r2 sin2 θ +
H4r4ω2 sin4 θ
N2 −H2r2w2 sin2 θ
)
dϕ2
]
,
βTi dx
i = − EH
2r2ω sin2 θ dϕ
N2 −H2r2ω2 sin2 θ . (58)
For m = 0 and E = 1, the Teo-JMRF metric reduces to the Teo-ORF metric [15].
A. Gaussian curvature
In the equatorial plane θ = pi/2, from Eq. (55) thus we have H = N = 1 and the constant λ in the metric will not contribute.
The generalized Teo Jacobi metric induced in the equatorial plane becomes
dl2 = αTijdx
idxj = m2
[
1
(1− r2ω2) (1− v2) − 1
] [
dr2
1− b0r
+
(
r2 +
r4ω2
1− r2w2
)
dϕ2
]
, (59)
where we have used Eq. (17). Then, the corresponding Gaussian curvature is
KT = −
(
1− v2) b0
2m2r3v2
+O(b30, a0b0, a20) . (60)
For metric (54), the particle orbit equation (19) can be iteratively solved as
u(ϕ) =
sinϕ
b
+
cos2 ϕ
2b2
b0 − 2a0
b3
+O(b20, a0b0, a20) . (61)
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Similar to the Kerr case, one can iteratively inverse the function u(ϕ) and solve
ϕS = arcsin (buS)−
√
1− b2u2S
2b
b0 +
2a0
b2
√
1− b2u2S
+O(b20, a0b0, a20) ,
ϕR = pi − arcsin (buR) +
√
1− b2u2R
2b
b0 − 2a0
b2
√
1− b2u2R
+O(b20, a0b0, a20) . (62)
The deflection angle related to the surface integral of Gaussian curvature is
−
∫∫
∞
R 2
∞
S
KTdS = −
∫ φR
ϕS
∫ ∞
r(ϕ)
KT
√
detαT drdϕ (63)
=
∫ ϕR
ϕS
∫ 0
u(ϕ)
u−2KT
√
detαT dudϕ
=
∫ ϕR
ϕS
∫ u(ϕ)
0
(
b0
2
+
b20u
4
+O(b30, a0b0, a20)
)
dudϕ
=
b0
(√
1− b2u2R +
√
1− b2u2S
)
2b
+
3 [pi − arcsin(buR)− arcsin(buS)]
16b2
b20
−uR
√
1− b2u2R + uS
√
1− b2u2S
16b
b20 +O(b30, a0b0, a20) , (64)
where we have used Eqs. (61) and (62). Note that in Eq. (63) although the Gaussian curvature KT is dependent on particle’s
velocity v, KT
√
detαT is not. Thus, the result of the surface integral of Gaussian curvature to the above orders is independent
of particle velocity.
B. Geodesic curvature
Considering the three-dimensional generalized Teo Jacobi metric in Eq. (58), the geodesic curvature of particle ray can be
calculated using Eqs. (25) and (17) and the result is given by
kTg = −
2a0
√
1− v2
mv2r3
+O (b30, a0b0) . (65)
With the help of Eq. (61), the parameter transformation can be obtained using Eq. (59) as
dl =
bmv√
1− v2 csc
2 ϕ dϕ+O (b0, a0) . (66)
Then, the path integral of geodesic curvature along the particle ray can be obtained after using Eqs. (61) and (62) as∫ R
S
kTg dl = −
2a0
b2v
∫ ϕR
ϕS
sinϕ dϕ+O(b30, a0b0, a20)
= −
2a0
(√
1− b2u2R +
√
1− b2u2S
)
b2v
+O(b30, a0b0, a20) . (67)
Unlike the surface integral of Gaussian curvature in Eq. (63), the result in Eq. (67) is affected by the particle velocity and thus
this term is different from the light deflection.
C. Deflection angle
By combining Eqs. (63) and (67), we get the deflection angle of massive particle for the receiver and source at finite distance
from Teo wormhole lens as the following
αˆT =
(√
1− b2u2R +
√
1− b2u2S
)
2b
b0 +
3 [pi − arcsin(buR)− arcsin(buS)]
16b2
b20
−uR
√
1− b2u2R + uS
√
1− b2u2S
16b
b20 ±
2a0
(√
1− b2u2R +
√
1− b2u2S
)
b2v
+O(b30, a0b0, a20) , (68)
13
where the positive and negative signs are for retrograde and prograde particle rays, respectively. Note that the terms involving b10
and b20 are not affected by the velocity of the particles, but the term containing a
1
0 is. It is worthwhile to mention that unlike the
divergence of αˆK in the Kerr sapcetime, the finite-distance deflection angle αˆT is finite for any one or both of the limits rS → b
and rR → b. This is understandable from the fact that there is no event horizon for the Teo wormhole spacetime and therefore
the particle rays do not tend to be bent infinitely even when their rS and rR appraoch their limits. More, it is also noticeable that
the deflection angle is unchanged when switching rR and rS , and there is no deflection when rS = rR = b. The result (68) in
leading order agrees with the finite-distance deflection angle of light (v = 1) obtained by Ono et. al in Ref. [45].
In Fig. 4 (a), we plot the deflection angle (68) by fixing b0 = 1 and measuring other quantities with length dimension by b0.
Similar to Fig. 2, we choose b = 102b0, rR = 104b0 and three representative values of the angular momentum a0 = 0, 0.5b20, b
2
0
for both retrograde and prograde motions and three velocities v/c = 1, 0.9, 0.8. It is seen that the total deflection angle
increases as the receiver distance increases for all values of a0 and v. As a0 varies from retrograde with angular momentum b20 to
prograde with same size, the deflection angle decreases monotonically for all velocities and rR. However, unlike the Kerr case
where velocity’s decrease always increases the deflection angle regardless in the retrograde or prograde cases, here as velocity
decreases the prograde deflection angle decreases while the retrograde deflection angle increases. This is understand from the
second last term of Eq. (68) that the only dependence of the deflection angle on a0 and v are correlated in a ratio form. This
special from also determines completely how and to what extent the change of a0 and v will affect the deflection angle.
a0=b02,v=1 a0=b02,v=0.9
a0=b02,v=0.8 a0=0.5b02,v=1
a0=0.5b02,v=0.9 a0=0.5b02,v=0.8
a0=0
2.5 3.0 3.5 4.0 4.5 5.0
0.0090
0.0095
0.0100
0.0105
Log10(rS/M)
α T
b0=1, b=102b0, rR=104b0
prograde
retrograde
3.0 3.5 4.0 4.5 5.0
-6.0
-5.5
-5.0
-4.5
Log10(rS/M)
Lo
g 1
0(δα T
)
b0=1, a0=b02, b=102b0, rR=104b0, v=0.9
(a) (b)
FIG. 4: The finite-distance deflection angle of massless and massive particles in Teo wormhole spacetime. (a) The deflection angle, Eq. (68).
The lines above the a0 = 0 lines are for retrograde motion and the lines below are for retrograde motions. (b) The finite distance correction,
Eq. (71).
When rR and rS are large but still finite, we can expand Eq. (68) to the first nontrivial orders of 1/rR and 1/rS , to obtain
αˆT = αˆT,∞ + δαˆT,r (69)
where the infinite distance deflection angle αˆT,∞ and its correction are respectively
αˆT,∞ =
b0
b
+
3pib20
16b2
± 4a0
b2v
+O(b30, a0b0, a20) , (70)
δαˆT,r ≈ 1
4
(
1
r2R
+
1
r2S
)[
bb0 + b
2
0 ± a0/v
]
. (71)
It is seen that to the leading nontrivial order of 1/rR and 1/rS , the effect of finite distance becomes universal to other parameters
in the deflection of the rays. We plot this correction in Fig. 4 (b) for a0 = b20, b = 10
2b20, rR = 10
4b0 and v = 0.9c as a
function of rS . Again, as expected, this finite-distance correction also monotonically decreases as rS increases, and similar to
the Kerr case in Eq. (45), the direction of the wormhole rotation has little effect on this correction in this range of rS .
V. CONCLUSION AND DISCUSSIONS
In the weak field approximation, we have studied the gravitational deflection of massive particles for a receiver and source at
finite distance from stationary, axisymmetric and asymptotically flat lens. For this purpose, we have extended the generalized
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optical metric method to generalized Jacobi metric method according to the JMRF metric. By the definition of deflection angle
in Refs. [44–46] and the GB theorem applying to a quadrilateral with a generalized Jacobi metric, the deflection angle as a
global effect is considered and it can be calculated by the sum of two parts: the surface integral of the Gaussian curvature of
the generalized Jacobi metric and the path integral of geodesic curvature of the particle ray lied in the generalized Jacobi metric
space, as show in Eq. (28).
By generalized Jacobi metric method, we have obtained the deflection angle of massive particles for a receiver and source at
finite distance from Kerr BH given in Eq. (42), and from Teo wormhole given in Eq. (68). These results cover the deflection
angle of light for a receiver and source at finite distance and the infinite-distance gravitational deflection angle of massive
particles in these two spacetimes as special cases. In the limit rR → b or rS → b, the deflection angle of massive particles in
Kerr BH is divergent, but that in the Teo wormhole is finite. In Kerr spacetime, the deflection angle increases as the velocity
v decreases, as shown in Fig. 2. In Teo wormhole spacetime, the deflection angle of prograde particle increases as velocity
increase, whereas that decreases as velocity increases in the retrograde case, as shown in Fig. 4. The difference is because the
effect of velocity to deflection angle in Teo wormhole spacetime is much smaller than Kerr spacetime. The effects of BH spin,
subluminal particle velocity and finite distance to the deflection angle in the Kerr spactime are compared in the microlensing
and lensing by supermassive BH cases. It is found that the former has the largest effect, while the relative size of the latter two
effects can vary according to the exact value of the particle velocity, source or observer distance and other lensing parameters.
In Ref. [38], Jusufi et. al have shown that one can distinguish the rotating naked singularities from Kerr-like wormholes by
the deflection angles of massive particles. It would be interesting to see if the finite-distance deflection angle can do the same
thing. In addition, one can extend the method to investigate the finite-distance deflection of massive charged particles by charged
gravitational object such as Kerr-Newman BH. Finally, we plan in the near future to extend these results to more complicated
spacetimes such as rotating global monopole.
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